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Abstract

We introduce a new comprehensive and model-free measure for the unhedgeable and predictable loss (PL)
incurred by liquidity providers in constant function markets (CFMs) and in concentrated liquidity markets.
PL compares the value of the LP’s holdings in the CFM liquidity pool (assuming no fee revenue) with that of
a self-financing portfolio that (i) continuously replicates the dynamic holdings of the LP in the pool to offset
the market risk of the LP’s position, and (ii) invests in a risk-free account. We provide closed-form formulae
for PL in CFMs with and without concentrated liquidity, and show that the losses stem from two sources:
convexity cost, which depends on liquidity taking activity and the convexity of the pool’s trading function;
and opportunity cost, which is due to locking the LP’s assets in the pool. For liquidity providers, PL is the
appropriate measure to assess the cost of liquidity provision in CFMs, so that fees and compensation to LPs
provide the right incentives for a well-functioning market. When prices form outside of the pool, we show
that PL is reduced when liquidity taking is costly, i.e., when the convexity of the pool’s trading function
is high. On the other hand, when prices form in the pool, PL is reduced when liquidity taking is cheap,
i.e., when the convexity of the trading function is low. Finally, we use Uniswap v3 and Binance transaction
data to compute PL and fees collected by LPs and show that, at present, liquidity provision in CFMs is a
loss-leading activity.

Keywords: Decentralised Finance, Automated Market Making, Smart Contracts, Concentrated Liquidity,

Algorithmic Trading, Market Making, Predictable Loss, Impermanent Loss.

1. Introduction

The emergence of decentralised finance (DeFi) ecosystems poses great challenges to traditional financial

services based on intermediaries. Within DeFi, automated market makers (AMMs) are trading venues in
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which the rules to clear demand and supply depart considerably from those of the matching engines in
traditional limit order books (LOBs). In contrast to traditional electronic exchanges which are organised
around LOBs to clear demand and supply of liquidity, the takers and providers of liquidity in AMMs inter-
act through liquidity pooling; liquidity providers (LPs) deposit their assets in a liquidity pool, and liquidity
takers (LTs) exchange assets directly with the pool. Currently, the majority of AMMSs are constant func-
tion markets (CFMs), and constant product markets (CPMs) with concentrated liquidity (CL) are the most
popular type of CFM, with Uniswap v3 as a prime example; see Adams et al. (2021).

CFMs rely on a deterministic trading function and a set of rules to determine how liquidity takers and
makers interact with the pool. In particular, the trading function determines marginal exchange rates (akin
to the midprice in an LOB) and execution exchange rates (akin to the prices received by liquidity taking
orders that walk the book) as a function of the quantity of the assets in the pool. We show that precluding
roundtrip arbitrages where both legs are executed in the CFM requires a convex trading function.

A key difference between CFMs and LOBs is how liquidity is provided and compensated. In LOBs,
market makers post liquidity on both sides of the midprice to earn the spread on roundtrip trades. In CFMs,
LPs deposit their assets in the pool, and in CPMs with CL, LPs specify a range of exchange rates in which
they deposit their assets. The assets rest in the pool until they are withdrawn and LPs are compensated with
the fees paid by LTs who take liquidity from the pool. In current designs, the fees paid by LTs are a fixed
percentage of the size of their liquidity taking trades. In CFMs, if LPs do not collect enough fees for making
liquidity, their business is not viable because they would provide liquidity to the market at a loss.

In this paper, we focus on liquidity provision in CEMs and in CPMs with CL — see Cartea et al. (2022a)
for an analysis of liquidity taking in these venues. For both types of venues, we derive the continuous-time
dynamics of the wealth of LPs, and we introduce predictable loss (PL) which is a model-free measure that
characterises the inevitable and predictable losses of LPs. PL quantifies the loss of value when depositing
one’s assets in a CFM pool instead of holding a self-financing dynamic portfolio outside the pool that (i)
replicates the risk of the LP’s position in the pool and (ii) invests in a risk-free account. We prove that PL
is a negative (i.e., LPs provide liquidity at a loss) and a predictable component in the dynamics of the LP
position value in the pool. PL stems from two sources. One source is the convexity cost whose magnitude is
a function of liquidity taking activity and the convexity of the CFM’s trading function. The other source is
the opportunity cost, which is incurred by LPs who lock assets in the pool instead of investing them in the
risk-free asset.

Academics and practitioners commonly use impermanent loss (IL) to measure the losses incurred by
LPs. IL quantifies the loss of value when depositing assets in a CFM pool instead of passively holding
the assets outside the pool. We show that IL is not an appropriate measure because it can underestimate
or overestimate the losses that are solely imputable to liquidity provision. In contrast, the convexity and
opportunity costs of PL are predictable and unhedgeable components in the wealth of LPs. Moreover, we
show that if the randomness in the marginal exchange rate of the CFM pool is exogenous (prices form
outside the pool), then PL is reduced when the convexity of the trading function is high, i.e., when trading

is costly. On the other hand, if the randomness in the marginal rate is a result of the liquidity taking trading
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activity (prices form in the pool), then PL is reduced when the convexity of the trading function is low, i.e.,
when trading is cheap.

Finally, we use Uniswap v3 data from the pool ETH/USDC (Ethereum and USD coin) between 5 May
2021 and 10 January 2023 to compute PL. Our analysis of the historical transactions in Uniswap v3 shows
that the fees collected from market making activity are not enough to cover PL. To the best of our knowl-
edge, this work is the first to (i) characterise the unhedgeable losses of LPs in closed-form in a model-free
framework for CFMs, (ii) characterise the unhedgeable losses of LPs in closed-form in CPMs with CL, and
(iii) derive the continuous-time dynamics for the wealth of LPs in CPMs with CL.

Early works on AMMs are in Chiu and Koeppl (2019), Angeris et al. (2021b), Lipton and Treccani
(2021), Lipton and Hardjono (2021), Lipton and Sepp (2021). Numerous works in the literature study
liquidity provision in CFMs. Angeris and Chitra (2020) study but do not prove the convexity of the trading
function, Neuder et al. (2021) and Cartea et al. (2022b) study strategic liquidity provision in CFMs with
concentrated liquidity, and Fukasawa et al. (2023) study the hedging of the impermanent losses of LPs.
Other works include Heimbach et al. (2022) who discuss the tradeoff between risks and returns that LPs
face in Uniswap v3, and Fan et al. (2022) who show how LPs can exploit their beliefs on future rates.

Another strand of the literature explores fee structures for fair compensation of LPs. Evans et al. (2021)
study optimal fees in geometric markets, Sabate-Vidales and Sika (2022) study variable fees in CPMs, and
Cohen et al. (2023) derive a lower bound for fee revenue to make liquidity provision profitable in CFMs.
Further, Cartea et al. (2022a), Cartea et al. (2023a), and Jaimungal et al. (2023) show how to optimally
trade a large position and execute statistical arbitrages using signals in CPMs, Berg et al. (2022) empirically
study inefficiencies in CFMs, and Bichuch and Feinstein (2022) introduce an axiomatic framework for
CFMs and exchange rates. Finally, liquidity provision models in traditional markets are in Glosten and
Milgrom (1985), Guéant et al. (2012), Cartea et al. (2015), Guéant (2016), Drissi (2022).

The remainder of the paper proceeds as follows. Section 2 describes liquidity provision in CFMs and
proves that a convex trading function does not admit instant roundtrip arbitrages. Next, we derive the
wealth dynamics of LPs and introduce PL for CEMs as the combined effect of the convexity cost and the
opportunity cost. Finally, we compare PL and IL for CFMs. Section 3.4 describes liquidity provision in CL
pools. Next, we derive the continuous-time dynamics of the wealth of LPs, and we extend PL for passive
and active LPs. Finally, Section 4 showcases PL in Uniswap v3 and shows that liquidity provision is not

fairly compensated in the pool that we consider.

2. Predictable losses of liquidity providers in CFMs

This section reviews how CFMs operate and discusses the profitability of liquidity provision measured with
IL and PL. Subsection 2.1 recalls the LT and the LP provision conditions that determine how a CFM clears
demand and supply. Subsection 2.2 first proves that roundtrip arbitrages within the CFM are not possible
when the trading function is convex. Next, we introduce PL for CFMs as a comprehensive measure of the

losses incurred by LPs and show that these losses result from (i) the convexity of the trading function and
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(i) the opportunity cost from locking assets in the pool. Finally, Subsection 2.3 generalises IL to CFMs and

compares the measure with PL.

2.1. Constant function markets

Here, we recall the properties of CEMs; see Angeris and Chitra (2020), Angeris et al. (2021b), Evans et al.
(2021), Cartea et al. (2022a). Consider a risky asset Y that is valued in terms of a reference asset X and
denote by Z the marginal exchange rate of asset Y in terms of asset X, where the rate Z is determined
by the available liquidity in the pool. The marginal exchange rate of asset Y in terms of asset X is the
exchange rate in the pool for a trade of infinitesimal size in asset Y. A CFM is characterised by a trading
function f : R4+ x R4y — R which is continuously differentiable and increasing in its arguments; R,
denotes the set of positive real numbers. Below, we describe the LT trading condition and the LP provision
condition for CFMs. These two conditions determine how market participants interact in the pool and how

markets are cleared.

LT trading condition. Assume that the liquidity pool initially consists of quantity x of asset X and
quantity y of asset Y. We refer to the pair (x,y) as the reserves of the pool. LT transactions involve
exchanging a quantity AY of asset Y for a quantity A” of asset X, and vice-versa. The quantities to

exchange are determined by the LT trading function
Fz,y) = [z + A%y — AY) = %, (1)

The value of the depth x > 0 is constant before and after a trade is executed, so the LT trading condition
(1) defines a level curve. For a fixed value of the depth x, we define the level function ¢, so that f(x,y) =
k? <= x = p.(y)." For any value x of the depth, we assume that the level function ¢, : Ry +— Ry
is twice differentiable.

The LT trading condition (1) links the state of the pool before and after a liquidity taking trade is
executed. For LTs, this condition specifies the exchange rate Z(AY) = (. (y) — ox (y + AY)) JAY to
trade a (possibly negative) quantity AY of asset Y, and the marginal exchange rate Z = limav_o Z (AY) =
—¢!.(y) of asset Y in terms of asset X in the pool. In particular, Cartea et al. (2022a) show that one can use
the convexity ¢ (y) of the level function to approximate the execution costs ‘Z (Ay) — Z ‘ of LT trades in

the pool. Below, we prove that there is no roundtrip arbitrage in a CFM if the level function ¢ is convex.

LP provision condition. Assume that the liquidity pool initially consists of quantity = of asset X and
quantity y of asset Y. LP transactions involve depositing or withdrawing quantities (A*, AY) of asset X
and asset Y. Let kg be the initial depth of the pool and let «; be the depth of the pool after an LP deposits
(A% AY), ie., f(z,y) = k§ and f(z + Az,y + Ay) = k3. Let ¢, and @, be the level functions

"The level function is akin to the forward exchange function in Angeris et al. (2022a).
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corresponding to the values kg and k1, respectively. Denote by Z the initial marginal exchange rate of the

pool. The LP provision condition requires that LPs do not change the marginal rate Z, so

—ho (W) = =, (y+AY) = Z. 2)

The LP provision condition (2) links the state of the pool before and after a liquidity provision operation
is executed. The trading function f (z,y) in (1) is increasing in the pool quantities = and y. Thus, when
liquidity provision activity increases (decreases) the size of the pool, the value of x increases (decreases).
For liquidity providers, the key difference between the traditional and the new venues is that in LOBs,
market makers post limit orders above and below the midprice to earn the spread on roundtrip trades, while
in CFMs, LPs earn fees paid by LTs when their liquidity is used. In LOBs, market makers are not present
in the book after all their orders are either executed or cancelled. On the other hand, in CFMs, posted
liquidity remains in the pool until it is withdrawn by the LP. Indeed, in CFMs, LPs do not receive payments
directly on their accounts and their holdings rest in the pool. Only when the LP removes her liquidity, are
the accumulated fees paid into her account and any capital gains or losses are realised. In some CFMs, the

fees are added to the stock of liquidity of LPs instead of accruing in separate accounts.

CPMs. A popular type of CFM is the constant product market (CPM) such as Uniswap v2, where the
trading function is f (z,y) = x X y, so the level function is ¢ (y) = /<;2/y, the marginal rate is Z = z/y,
and the execution rate for a quantity AY is Z (AY) = Z — Z%/?AY /. In CPMs, the liquidity provision
condition is x/y = (z + A*)/(y + AY) when quantities (A", AY) are added to the pool. Thus, liquidity is
provided so that the proportion of x and y in the pool is preserved; see Cartea et al. (2022a).

In the remainder of this paper, we fix a filtered probability space (Q, F,P;F = (th)te[o,T}) that satis-
fies the usual conditions, where I is the natural filtration generated by the collection of observable stochas-
tic processes defined below, and T > 0 is a fixed time (trading) horizon. Moreover, we assume that the

processes that we define below are semi-martingales and are thus Ito integrable.

2.2. Predictable loss

This section introduces PL as a comprehensive and model-free measure of the losses incurred by LPs in
CFM pools. Consider an LP who deposits quantities (xg, yo) in a CFM pool for the pair of assets X and
Y. The LP’s position is self-financed, so she does not deposit or withdraw additional assets throughout the
trading horizon [0, 7']. Moreover, assume that other LPs do not deposit or withdraw liquidity in the pool
throughout the same trading horizon, so the depth x of the pool is constant and we denote by ¢ the level

2

function throughout [0, 7]

These assumptions simplify the equations for IL and PL in CFMs because liquidity provision activity changes x which
changes the level function ¢,... We expect the results that we state below to hold when there is liquidity provision activity; for
instance, it is straightforward to generalise the results for IL and PL when & is a counting process that models arrivals of deposits
and withdrawals; see Appendix A.



The initial value of the LP’s position is zg + yo Zo . A key feature of CFMs is that, as the marginal
exchange rate Z (of asset Y in terms of asset X) changes throughout the investment horizon, so do the
quantities of asset X and asset Y held by the LP in the pool because LTs use the LP’s liquidity to trade.
Denote by (¢)c(o ) and (yt),eo,r) the processes that describe the LP’s holdings in assets X and Y,
respectively, as a result of LT activity. The marginal exchange rate in the pool is described by the process

(Zt)te[o 7). Finally, the value of the liquidity provision strategy is given by the process (t)eepor) =

(@t + Y Zt)repom)-

No roundtrip arbitrage and convexity of the level function. Proposition 1 shows that no roundtrip

arbitrage in CFMs requires convex level functions.

Proposition 1. Let ¢ € C? (R ) be the level function of a CFM and assume there are no profitable

instantaneous roundtrip arbitrages within the CFM. Then, ¢ is convex.

Proof Let ZP4 (AY) and Z#* (AY) denote the exchange rates at time ¢ € [0, 7] obtained for a sell trade
and a buy trade of size AY, respectively. Assume there is no roundtrip arbitrage, so the bid-ask spread is

nonnegative and we write

. — AY — AY) —
Z?ld (Ay) — Qp(yt) Z(yyt + ) < SO(yt A:z So(yt) — Ztask (y) . (3)

Now, as AY — ( we obtain the equality

1. bid Y\ — 1 ask Yy — — / .
iy 2 (4%) = Jm, 28 (A7) = 2 = = ) v

Next, the inequalities in (3) also show that the level function ¢ is convex because

oy — AY) — p(yt)
AY ’

o(yt) — p(yr + AY)
AV

< —¢'(y) <

for any ¢t € [0, 7] and for any AY > 0. O

From wealth dynamics to predictable loss. Here, we assume that the LP does not collect fees and focus
on the value of her holdings in the pool. To motivate our definition of PL, we derive the wealth dynamics
of LPs in CFMs and show that they consist of a hedgeable market risk component and an unhedgeable
predictable loss component.

To obtain the wealth dynamics of the LP in the CFM pool in terms of the numeraire X, we use Ito’s

lemma to write the dynamics of the position value « as

doy =d (v¢ + y¢ Zt)
=d (o () + Ziye)
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1
=3 " (y) d(y,y), + v dZ; +d(Z,y), ,

where (-,-) denotes the quadratic variation operator. Next, use Z; = —¢'(y;) to write d(Z,y), =

—¢" (y¢) d (y,y),. and write the wealth dynamics of the LP as

1
day = —3 " (ye) d(y,y), +ye dZ; . (5)

The first term on the right-hand side of (5) is a negative and a predictable component in the wealth
of LPs which we call convexity cost — recall that ¢ is convex to preclude roundtrip arbitrages — and the
second term is the dynamics of a self-financed portfolio that holds quantity y; of asset Y at time ¢ € [0, 7] .
The convexity cost in CEMs is an unhedgeable predictable loss component that results from the convexity
of the trading function and the quadratic variation of the liquidity taking trading flow. Below, we show that
if the LP replicates the market risk of her liquidity position with a self-financing portfolio, then she holds
excess cash because of the loss in value that her holdings would incur in the pool. The excess cash can be
invested in a risk-free account, and we refer to this as the opportunity cost from locking the LP’s assets in
the pool.

We refer to the combined effect of the convexity cost and the opportunity cost as PL. The PL measure
is a model-free analytic formula for the predictable and inevitable losses incurred by LPs.®> PL measures
the losses of LPs which should be compensated by fee revenue so liquidity provision is not a loss-leading
activity in CFMs. The proposition below formalises PL. when there exists a riskless asset B that yields a
risk-free rate. More precisely, it provides a closed-form formula for PL in a CFM and shows it is a function

of the convexity of the level function and the liquidity taking activity in the pool.

Proposition 2. Predictable loss in CFMs. Let ¢ € C3 (R ) be the strictly convex level function of a CFM
with initial reserves (xo, yo) held by an LP. Assume there are no additional liquidity deposits or withdrawals
in the pool throughout a trading period [0, T). Assume there is a riskless asset B that yields the risk-free
rate v > 0 where (Py);¢
dynamics of P are independent of the quantity (yt)te[o,T] held by the LP in the pool. Both assets X and'Y

0.7] denotes the marginal rate to exchange asset X for asset B, and assume the

are risky and the LP marks-to-market her wealth in terms of B. Let (Zt)te[o,T] denote the marginal rate to
exchange asset Y for asset X in the pool and let (yt)te[o,T] denote the quantity of asset Y held by the LP in
the pool.

Assume that exchanging Y and X for B is frictionless, and define the PL process (PLt)te[o,T] as

(PLt)te[o,T] = (O‘t - atD)te[O,T} ) ©)

where PLo = 0, (au)¢eo,1) is the value of the LP’s position and (a? )telo,T] is the value of an alternative

dynamic portfolio initiated with the same quantities (xo,yo) and which is (i) continuously rebalanced to

3PL is inevitable while the LP’s holdings are in the pool.



track the quantities (x, y;) that the LP holds in the pool and (ii) invests any excess wealth in the risk-free
account.

Then the process PL in (6) is decreasing and is given by

1 t t
PL; = — 2/ P (ys) d{y,y), — / (o —ay) rds, (7)
0 0

Convexity cost > 0 Opportunity cost > 0

where (a? — at) is an increasing process with initial value 0. In particular, PL in (7) satisfies

t€[0,T]

1 t
PL; < —2/ P, " (ys) d(y,y), <0. ()
0

Proof First, we derive the dynamics of the LP’s wealth o. The dynamics of P are independent of the quan-
tity y, so the processes (Z; = _‘P/(yt))te[o,T} and (z: = ©(yt))yejo,) are also independent of (F),cio 17 »

and the rate to exchange asset Y for asset B is described by the process (Z; P;) 0.1] - Also, exchanging Y

te
and X for B is frictionless so one exchanges X and Y at the rates P; and Z; F;, r[espectively, with no other
costs.

The process (at)ejo, ) = (Prxt + Py Z; yt)te[o,T] describes the value of the LP’s holdings in the pool in
units of asset B. Note that the quantities Z; and x; in the pool are stochastic because they vary with the
quantity y, so we use Ito’s lemma to write the dynamics of the position value in terms of the numeraire B

as
doy =d ((x¢ +ye Zi) Py)
1
= (e +y Zy)dP + ¢ (ye) Prdy + 3 Poo" (yi) d{y,y), + v P dZy + Z, P, dy, + P, d (Z,y),

1
= (13t+ytZt)dPt+§90”(yt) P d{y,y), +ye P dZy + P, d(Z,y), .

Next, use Z; = —¢'(y;) and Ito’s lemma to write d (Z, y), = —¢" (y¢) d (y, y), , so
1
day = (x4 +y Z) AP + y Py dZ; — 5 ©" (ye) Prd(y,y), -

Next, we derive the dynamics of the alternative portfolio oP. First, define a second alternative self-financing
portfolio « which starts with the same initial wealth o and only tracks the holdings (z;, y;) in the pool.

The dynamics of « are
dgt :J)tdpt"—ytd(ZtPt) = xtht‘i‘ytthPt‘i’ytPtdZt-

Note that (o — ai)ye(o 77 is an increasing process because day — day = —3 P ¢" (y) d(y,y), . At any

time ¢, the alternative portfolio o invests the difference o — cv in a risk-free account, so (o — ), clo1]



is an increasing process and so is (a? . Thus, the dynamics of o are

at)te[O,T]'
da?: (a?—at) rdt +x¢dP; + y Z: AP + ye P dZ;

and conclude that PL is given by

1 t t
PLi= 5 [ P¢" () dlya),~ [ (P~ a) rds.
0 0

Finally, the inequality in (8) follows from
¢ () >0, P>0, d{y,y),>0, Zp=ar—a; >0, Vte[0,T], and r > 0.
O

Next, we discuss PL as a result of the randomness in the marginal rate and in the liquidity taking trading

flow. PL in (6) can also be written as

1/t dZ,z ¢
PLt:—/ PS¥ —/(a{?—as)rds, 9)
2 Jo ©" (Ys) 0
Convexity cost > 0 Opportunity cost > 0

so PL is a function of the quadratic variation of the marginal rate process Z. Both equations (7) and (9) show
that the magnitude of PL depends on the convexity of the level function, and that the convexity of the level
function has opposing effects on PL depending on which dynamics one assumes for the liquidity taking
flow y and for the marginal exchange rate Z. Recall that the convexity of the level function is a measure of
the trading costs that LTs incur in the pool; see Cartea et al. (2022a).

For example, if one assumes that price formation is exogenous to the pool and that the marginal rate
follows the dynamics dZ; = o dW;, where (Wt)te[o,T] is a Brownian motion, then trading in the pool is
by LTs who align the reserves of the pool so the marginal rate in the pool follows dynamics driven by the
exogenous process W. In this case, PL; = —"72 fot % ds, so the convexity, i.e., the execution costs of
LTs, reduces PL. On the other hand, if one assumes that price formation is endogenous to the pool and that
the reserves in asset Y follow the dynamics dy; = x dW;, where y is a positive volatility parameter, then
the marginal rate is determined by trading activity in the pool. In this case, PL;, = —X; f(f Ps " (ys) ds.
Thus, as execution costs for LTs increase, so does the PL of the LPs. In practice, one expects two sources
of randomness. One, exogenous randomness in the marginal rate Z that drives informed liquidity taking
trading flow when prices form in alternative trading venues. Two, endogenous randomness in the process
y when prices form in the pool and as a result of uninformed (noise) trading. The former leads to losses
for LPs that are reduced when trading is costly, and the latter leads to losses for LPs that are reduced when
trading is cheap. Finally, if » < 0, the opportunity cost is zero because we assume that the alternative

portfolio would not invest the excess cash in the risk-free account.
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Related work on the losses incurred by LPs includes that by Angeris et al. (2021a) who study the price
arbitrage profits of LTs in CFM pools; price arbitrage refers to liquidity taking trades that profit from price
differences between the CFM pool and an exogenous market. Later, Milionis et al. (2022) introduce loss-
versus-rebalancing (LVR) to study these profits. Both pieces characterise the price arbitrage profits of LTs,
or equivalently the losses of LPs, by introducing (i) an optimisation problem solved by an arbitrageur,
and (ii) an exogenous exchange rate for which they assume dynamics. In contrast to these approaches,
PL is model-free and uses minimal assumptions for the trading flow and the marginal rate dynamics. In
particular, if one considers that X is the numeraire, that Z follows a geometric Brownian motion with
constant volatility, and that the risk-free rate is zero, then PL in (9) reduces to the LVR in Milionis et al.
(2022). In contrast to LVR, PL can be estimated without specifying dynamics for the marginal rate or the
trading flow (see Barndorff-Nielsen and Shephard (2002)) and without specifying a parametric form for the

level function.

2.3. Impermanent and Predictable loss

Here, we compare PL and IL as measures for the losses incurred by LPs. IL, or divergence loss, is sometimes
used to characterise the risk of providing liquidity in a CFM; see Loesch et al. (2021) for CPMs, and
Fukasawa et al. (2022) and Angeris et al. (2022b) who generalise the measure to CFMs and introduce
conditions to ensure liquidity provision is profitable. IL refers to the loss in value when depositing one’s
assets in a pool instead of passively holding the assets outside the pool. Next, we derive similar results to
those in the literature, but in contrast, we use the convexity of the level function to characterise IL in CFMs.

IL compares the evolution of the value of the passive LP’s position « in the pool with the evolution
of a self-financing portfolio o invested in an alternative venue. The portfolio of is initiated with the
same quantities (xg,yo) as those the LP deposits in the pool, and executes a buy-and-hold strategy; i.e.,
the quantities in the alternative portfolio do not change throughout the LP’s trading horizon. Denote by
(o )iepor] = (zo + %o Zt)yeio,r) the process for the value of the buy-and-hold alternative portfolio; note
that of = ap. The value o of the passive LP’s position in the pool and the value of of the alternative

portfolio that holds the assets outside the pool at time ¢ € [0, 7] are

of =20+ Ziyo, of = (yo) — ¢ () o,
o =x+ Ly, o =) — ¢ (ye) ve

where x; and y; are the liquidity in the pool at time ¢.
We denote by (ILt)te[o,T} the IL process that measures the difference between the value of the two

portfolios o and oF:

I =a—op = — (v Wo) — ¢ () — ¢ (1) (yo — ) - (10)

The convexity of the level function shows that IT.; < 0. For small variations of the reserves y in asset Y,
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one can approximate IL; with

1
IL; =~ D) SOH(Z/t) (Z/ - Z/T)2 .

In a CPM, the IL in (10) is explicitly given by

IL; = <I€\/Z>0—K Zi+ K <Zt\/ZT0_\/Z>> =—Kk\ 2o (1—\/?;)2,

where k is the fixed depth of the pool throughout [0, 7’| . Finally, when y; = y in CEMs or CPMs, IL is zero,
hence the loss is called “impermanent”. The following proposition summarises our characterisation of IL

with the (necessary) convexity of the level function.

Proposition 3. Let o € C? (R, 1) be a convex level function. Then the IL process in (10) for CFMs is
given by

Ly = — (¢ (y) — ¢ () — ' () (y — ) <0,

and the 1L in CPMs is given by

2
Zy
IL; = — Zil1l—y/— <0.
t K t( Zo> =

Corollary 1. Assume the marginal rate Z is a continuous random variable, then 1L is strictly negative

almost surely in CPMs without CL.

IL is not an appropriate measure to characterise the losses of LPs because throughout the period [0, 77,
the alternative buy-and-hold portfolio o is not exposed to the same market risk as the holdings « of the LP
in the pool. In particular, IL can be partly hedged so it can underestimate or overestimate the losses that are
solely imputable to liquidity provision. In contrast, PL is the predictable and unhedgeable component in the

wealth of LPs. The next section extends PL to the more complex case of CPMs with CL.

3. Predictable losses of liquidity providers in CPMs with CL

Presently, the most liquid and popular CFMs use CL for liquidity provision. CL was introduced in Uniswap
v3in Adams et al. (2021) and studied by Clark (2021), Loesch et al. (2021), Hashemseresht and Pourpouneh
(2022), and Heimbach et al. (2022). To the best of our knowledge, our work is the first to characterise the
dynamics of the wealth of LPs in CPMs with CL in a continuous time framework; see Subsection 3.2 for
passive LPs and Subsection 3.3 for active LPs. Moreover, Subsection 3.4 characterises analytically the

unhedgeable losses of LPs in CL pools by extending PL as a measure of the predictable losses of LPs to
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CPMs with CL. In CL pools, PL is a function of both the range where the LP provides liquidity and the
liquidity taking activity.

3.1. Constant product markets with concentrated liquidity

The key feature of a CPM pool with CL is that LPs specify a range of rates (Z*, Z*] in which to post liquid-
ity. The bounds Z* and Z" of the LP’s position take values in a discretised finite set of rates {Z, ..., ZV}
called ticks.* The range between two consecutive ticks defines the smallest width for ranges in which LPs

can provide liquidity.

LP provision condition. First, we formally derive the LP provision condition for CPMs with CL. Assume
that only one LP provides liquidity (a:i, y’) in a tick range (Z?, Z*1] with depth «‘, and assume that the
current rate Z is within the range (Z%, Z**1], where Z¢ and Z**! are two consecutive ticks. By design, CPM
pools with CL obey the constant product formula between two consecutive ticks. In CPMs with CL, the
assets deposited by the LP in the tick range (Z?, Z**!] must consist of a quantity 3’ to cover rate movements
from the current rate Z to the rate Z**!, and a quantity z’ to cover rate movements from the current rate
Z to the rate Z' ; see Figure 1a. When the rate exits the range, the position consists of only one of the two
assets, because the other asset is fully depleted and the remaining liquidity becomes inactive, i.e., it does
not fill trades.

x10°

3.0

= Level function

== Real reserves

. . . . . . . . 0.0 . . . . . . . . 0.0
0 2,000 4,000 6,000 8,000 10,000 12,000 14,000 16,000 18,000 0 2,000 4,000 6,000 8,000 10,000 12,000 14,000 16,000 18,000
Y v
(a) Quantity of assets to provide in a tick range. The blue (b) Changes in the level function in the virtual assets coor-
segment corresponds to the constant product level function dinate system when adding liquidity.

in the virtual asset coordinates and the grey segment cor-
responds to the constant product level function in the real
asset coordinates.

Figure 1: Geometry of CPMs with CL and the LP provision condition.

In CL pools, each tick range is a constant product pool that consists of larger reserves than the assets

resting in the range because the assets resting in the tick range only need to cover marginal rate movements

“In LOBs, a tick is the smallest price increment.

12



from its lower bound to its upper bound. The “virtual” assets coordinates in a tick range (Z°¢, Z**!] denote
the quantities of asset X and asset Y that define the constant product formula  x y = 2 in the tick range,
i.e., the coordinates of the points making up the blue segment in Figure 1a. However, the liquidity within
a tick range only serves as counterparty to LT trades when the marginal rate is between the range’s lower
bound and its upper bound. The “real” assets coordinates denote the quantities of asset X and asset Y that
the LP must deposit in the tick range, i.e., the coordinates of the points making up the grey segment in
Figure 1a.

To determine the quantities (:z:i, yl) that provide liquidity in the tick range (Z¢, Z*1] in Figure 1a, one
shifts the level function (blue segment) from the “virtual” assets coordinates to the “real” assets coordi-
nates (grey segment), where the quantity of asset Y when Z = Z*! is zero, and the quantity of asset
X when Z = Z'is zero. The virtual coordinates of Z* and Z'*! in Figure la are (ni VZi K/ @)

and (ni VZiHL g Zi+1>, respectively. Next, note that the marginal rate in the tick range (Z¢, Z*!]

obeys the constant product formula, and the algebraic formula to shift the level curve z'y’ = (/{’)2 is
(28 4+ A%) (y' + AY) = (Fai)Q. Thus, the quantities provided by the LP verify the key formula

(mi + K’ \/Z) <yi +K§i/\/ﬁ) = (/ﬁi)2 :

which describes the behaviour of real reserves in the arc corresponding to the tick range (Z%, Z*+1] .
In this example, when Z € (Z%, Z*1] | the LP provides the quantities

# =k (22 (2)) and =k (272 (27 (1)

which are a function of the LP’s initial wealth «, the marginal rate in the pool, and the range boundaries Z*
and ZB, because
71/2 _ (Zi)1/2

_ i i i i
a=z"+7Zy" and =z _yz—1/2_(Zi+1)*1/2'

Now, we show how to compute the depth of liquidity in a tick range provided by several LP positions.
Assume a second LP provides liquidity with a different depth %° in the same tick range (Z¢, Z**!]. She
deposits (fi, yl) so the tick range (Z A i“] consists of reserves (m’ + 7y + yL) . Use equation (11) to
write the new depth in the tick range resulting from the two liquidity positions as

ot + 7
71/2 _ (Zi)1/2

=r'+E.

Thus, one adds the depths of the individual liquidity positions in the same tick range to obtain the total
depth of the liquidity in that tick range. When an LP adds liquidity in a tick range, the depth of the liquidity
increases so the segment of the level function corresponding to the tick range moves up in the virtual asset
coordinates; see Figure 1b. Finally, although there is liquidity taking and liquidity provision activity in the

pool, the depth of each individual position is kept constant if the LP does not deposit or withdraws assets in

13



the range. However, liquidity provision activity may change the portion of the pool depth that the LP holds,
e.g., k'/ (k" + ") in our example; see Chapter 4 in Drissi (2023) for more details.

More generally, let Z be the rate observed in the pool, and let M be the number of LPs with liquidity
resting in the pool. Denote the depth of the jth LP’s liquidity (z%*7, y**J) posted in the range (Z*, Z*] by
76%J . The depth &% verifies the following key formulae that define the LP provision condition in CPMs
with CL:

hwi — and ybud = gl ((Ze)—l/Q B (Zu)*l/2> if 7 <2t

xf,u,j — Rﬁ,u,j (ZI/Q - (Zé)l/Q) and yZ,u,j — ké,u,j (Z—I/Q . (Zu)71/2> if ZZ <7Z< Zu’

xMJ:gMJ«Z%U2,@qVﬂ and ylud =0 it Z> 2",
(12)

Here, if Z < Z!, the LP provides only asset Y, i.e., %7 = 0, and if Z > Z*, the LP provides only asset
X, ie., ytwi =0.

When an LP withdraws her liquidity, the equations in (12) and the prevailing exchange rate Z determine
the quantities of each asset received by the LP. Here, we refer to the rate Z in the pool when the LP posts
her liquidity as the position rate. In particular, the position rate is the value of the marginal rate Z used in

equation (12) to determine the quantities deposited by the LP in the pool.

LT trading condition. We denote the depth of the liquidity available in the pool in the range (Z*, Z*+1]
between two consecutive ticks by x“**1. A pool is characterised by the marginal rate Z and the distribution

of the liquidity across the tick ranges, which are described by the values

I{Z’Z+1 = Z Z I%e’u"j 1ze§Zz‘<Zi+1SZu 5 (13)
je{L“' 7M} (€7u)€{1a"' aN}Z

where M is the number of liquidity providers in the pool, Fcﬁ’u’j > 0 is the depth of the liquidity posted
by the jth LP in the range (Z¢, Z %], and 1 is the indicator function. We refer to the range between two
consecutive ticks that contains the rate Z as the active tick range. The value of the pool depth « used in the
LT trading condition, which defines the instantaneous and execution rates, is the depth (13) of the liquidity
in the active tick range.’

Consequently, in CPMs with CL, one must discern between two types of depths. First, the pool depth
x which defines the LT trading condition in a specific tick range, i.e., the constant product formula (1), the

t:ud of the individual positions held by

marginal rate (4), and the execution rates (3). Second, the depth &
LPs for different values of £ and u. In pools with CL, the depth « is a local property, and it is a transformation

of the individual depths gbwd , see (13).

>When the rate Z crosses a tick as a result of an LT transaction, the order is executed as two separate transactions; if it crosses
multiple ticks, the order is executed as multiple transactions. In particular, each transaction will use the depth « of each tick range.
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Fee revenue in CPMs with CL. The transaction fees paid by LTs are distributed amongst LPs in the
same proportion as their contribution to the depth in the active range. More precisely, consider an LP with
liquidity resting in the range (Z*, Z*]. If the active tick range is (Z¢, Zi*] and (Z!, Z*+1] C (Z*, Z%], then
for a transaction fee 7 paid by LTs, the jth LP, who posted depth #%™7 in (Z*, Z*] when the pool’s depth
Gi+1

in the tickis kK = & , receives

~£7u7j
sluwj _ B

771Z2<Z§Zu . (14)

In CPMs without CL, this remuneration is added to the liquidity in the pool because all LPs provide
liquidity in the same range (0, +00) and they hold portions of the pool in the proportion of their contribution
to it. However, in CPMs with CL, fee income is not automatically reinvested in the pool because LPs can
provide liquidity in various ranges simultaneously, so the fees accrue in a separate account, and are paid
when liquidity is withdrawn.

Similar to Section 2, we derive the continuous-time dynamics of the wealth of LPs (assuming zero fee
revenue), which we study to characterise the predictable losses of LPs. In contrast to CFMs, liquidity pro-
vision in CPMs with CL is strategic. Thus, we derive the wealth dynamics for passive LPs in Subsection
3.2 and for active LPs in Subsection 3.3. Passive LPs do not change the range where they provide lig-
uidity throughout the trading window, and active LPs continuously change the liquidity position. Finally,
Subsection 3.4 uses the wealth dynamics to extend PL to CPMs with CL.

3.2. Wealth dynamics of passive LPs

Consider an LP with trading horizon [0, T'| and with initial wealth cqy > 0 in units of the reference asset X
at the initial time ¢+ = 0. The LP deposits quantities (z, 7o) in a fixed range (Z¢, Z"] that includes Z, and
withdraws her liquidity at the terminal time 7" > 0, so the initial value of her position, marked-to-market in
units of X, is ag = x¢ + yo Zo .° We (re)define the processes (xt)te[O,T] and (yt)te[O,T] to denote the LP’s
holdings in the range (Z*, Z"] of the pool, the process (at)teor) = (Tt + Yt Zt)epo 7y to denote the value
of the LP’s wealth in units of X, and (Zt)te[o,T] denotes the marginal exchange rate. The depth of the LP’s
position is . Recall that & is constant throughout [0, T'] because the LP is passive; she does not withdraw
or deposit additional assets and she does not change the width Z* — Z* of her liquidity position throughout
the trading window [0, T'].

®In the two cases where liquidity is provided in a range that does not include the rate Zj, the initial holdings are

zo=0 and yo=ao/Zo if Zo < 2Z°,
ro=ap and yo =0 if Zo>2Z".
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To obtain the initial holdings of the LP in the pool when Zy € (Z*, Z%], one solves
2

0 (Zé/2 _ (Zﬁ)l/ ) 7

o (207 20 7).

ag =z + Yo Zo,

|
R

o

Yo

where & is the depth of the LP’s liquidity in the pool, to obtain

1/2 - 1/2
ZO/ <(Z )1/2_Z0/)
and yo =
(Zu)1/2 (23/2 — (7Y 1/2) Zy

Qg — Xo

Attime t € [0, T, the value of the LP’s holdings in units of the reference asset X is determined by the

equations of the LP provision condition

2 =0 and g, =Ro ((2)72 = (z)7'?) if z< 2",
2 = Fo <Zt1/2 - (25)1/2) and y; = Fo (Z{W - (Z“)_l/Q) it Z2¢ < 2, < Z*, (15)
= o (242 = (29)'%) and =0 it Z, > 7,

where Z; is the marginal rate at time ¢t. We focus on the case where the marginal rate Z; is within the range
(Z*, Z"].” Thus, the change in the value of the position at time ¢ € [0, 7] is

Ty +ys Ly —x0 — Yo Lo =Ty + Yt Ly — - (16)

Equations (15) and (16) define a payoff in units of X as a function of the marginal rate Z;. Figure
2 shows the relative payoff o/« as a function of the marginal rate for different position ranges when
the position rate is Zg = 100. Provision of liquidity with wide spreads protects the LP from losses when
Zy < Zp, and facilitates gains when Z; > Z,. Figure 2 shows that the LP’s relative payoff o,/ is concave
in the rate Zp.

To obtain simple formulae for the change in the value of the LP’s assets, we characterise the liquidity
position of the LP with new variables (66, (5“) instead of (Z t 7 “) The values of 6¢ and 6 are (percentage)
shifts of v/Z and are defined with the following change of variables:

(ZH)'? = Z'?)(1-48"/2),

(17
(27 = 712 (1-5)2).

Note that Z¢ € [0, Z) so 6* € (0,2] and Z* € [Z,00) so 6% € [0,2). Also, we require that Z¢ < Z“ so

"Later, we mainly focus on dynamic strategies where the LP targets the rate Z;.
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Payoff — position value
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Z

Figure 2: Payoff (15) for an LP providing liquidity in the ranges [95, 105], [75,125] and [50, 150], around the position rate
Zy = 100.

6 4 6% < 6* 6 /2 .® For small values of Z* — Z* we use the approximation

(Z“—ZZ) /Z: (1 4“/2)72 - (14’72)2 ~ 0+ ot

In the remainder of this work, we define the spread of the LP’s position as 6¢ + 6% = §. We refer to 6 as
the spread because it shares similar properties to those of the spread of a market maker in LOBs. In LOBs,
the spread of an LP refers to the distance between the limit orders posted on both sides of the midprice. In
particular, in LOBs, market makers widen their spread when adverse selection risk increases, i.e., they post
limit orders at deeper levels in the book.

We use (17) to write the change in the value of the assets as a function of the spread of the position and
as a function of changes in the value of Z and of V/Z. First, use the second equation in (12) and in (17) to
write the depth kg of the LP’s liquidity as

_ 1 ~1/2
=2 — | Z . 18
RO (&) (554—58) 0 ( )

Second, use the definition (17) to write the initial quantities (xo, yo) that the LP deposits in the pool in the

simpler form

5

_ op
85+ oy

xr - -
‘ 55 + oy

(o7 and y()Zo: 0- (19)

8In the general case where one does not require Z € (Z*, Z*], the conditions are 6° € (—oc0,2], §* € [—o0,2), and
§E 46 < 6t 5 )2.
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Finally, use (15) and (18) to write the quantities (x, y;) that the LP holds in the pool as

1/2 1/2 200 (2 35
(22— (), W g (8-0-9)

=
_ 1/2 u —1/2) 24 z? g 5y
Y2y Ko (Zt Zy (Z") ) YeZy = 5§+§3 Zg/z - Z (1 - ?O) :

Tt

The change in the value of the LP’s position between times 0 and £ is

1 72— 7 z,— 7 s
ar— o=+ Yy 2 — o = 2ap <5£+58> (2 ZS/Q B Zo 1_? ) (20)

which shows that the change in the value of the LP’s holdings in the CL pool depends on the change in Z
and v/Z, and it is inversely proportional to the spread § of the position; large values of the spread reduce the
risk of the LP’s position. Below, we show that the changes in v/Z in (20) are the source of PL, which is the
PL component in the wealth of LPs. The dependence of the wealth of LPs on the changes in /7 is a direct
consequence of the constant product formula and PL is a consequence of the convexity of the corresponding

level function.

3.3. Wealth dynamics of active LPs

Here, we generalise the analysis of Section 3.2 to any dynamic or passive liquidity provision strategy. More
precisely, we define the shift processes (6f) te[0.7] and ((5;’“),;6[07T] that determine the dynamic spread of the
strategy that the LP implements, i.e.,

(ZmM? =z} (1 —6r)2),
()= 2 (1-6t/2).

where (Zf) te[0,T] and (Zf)te[oﬂ are the processes that describe the active strategy of the LP throughout
the trading window [0, T'] . Recall that we do not yet assume dynamics for the marginal rate. Let (lﬁ:t)te[o?ﬂ
be the depth process of the LP’s dynamic position in the pool with initial value g in (18).
We assume that the LP continuously tracks the rate Z so for all ¢ € [0, 7] and that the marginal rate is
within the LP’s range, i.e., Z; € (Z¢, Z}]. Let (xf“) and (yf”) be the holdings of the LP in
t€[0,T te[0,T]

)

the pool corresponding to the active strategy ((5f, 5;‘)t€[07T1, where the initial values x¢ and yq are in (19).

Finally, let (af’u) o] be the cash process of the LP with initial value oy = xg + Yo Zo.
te(o,

The dynamic strategy (5f, 6;?) of the LP consists in holding xf’“ units of the reference asset X,

te[0,7
and yf " units of the asset Y at each time ¢ in the (dynamic) range (Z, Z}'] , where

¢
X _ 57& lu
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These holdings correspond to a liquidity position with depth

1 _
I%t = 2af’u ( 7 ) Zt 1/2 .
o; +of

Now, to obtain the infinitesimal change in the value of the LP’s position, recall that Z is an Ito process

and use Ito’s lemma to write
12 1 10 L —3/2
dZz, —§Zt dZt—th d(Z,7), ,

and write the infinitesimal increments of o/* as the continuous-time version of equation (20):

1/2 ”
dab® =2af" ( 1 ) 2 dZt/ _ 4z ( - (St) (22)
! AN 7V 7 2

1 1 5u 47
=2ab" - d(z,7), + -+ =1 .
o <6f+5y>( A Zt>

Thus, for any liquidity provision strategy characterised by the shifts (5f) te[0.T] and (5#)te[0,T]’ the

dynamics in (22) describe the dynamics of the value of the LP’s holdings in the pool.

3.4. Predictable loss in CPMs with CL

Here, we extend PL to the specific case of CPMs with CL, which requires to account for the spread of the
LP’s position. For simplicity, asset X is the numeraire and the LP values her wealth in terms of X, so only
asset Y drives uncertainty in the LP’s wealth. Similar to PL for CFMs, we consider a self-financed portfolio
(o), cfo.r) that is continuously rebalanced to mimic the LP’s holdings in (21) and invests any additional

cash in a risk-free account with » > 0, and we write

oy

doP =y dZ = —t—
AR

af’u dz; + (a? — ozt) rdt. (23)

After similar steps to those above, one shows that the process (a? — at) te[0,7] is increasing with initial
value af) — o = 0. Next, define the PL process (PLf’“) o] and write
te[0,T
’ ' t ot t
PL’“:a’“—aD:—/sd Z,Z —/ aP —a)rds <0. (24)
t t t 02((%—1—6};)23 < ) >s O(t ) —
Convexity cost > 0 Opportun;t,y cost >0

In contrast to IL, which has been derived for CPMs with CL by Loesch et al. (2021) and Heimbach et al.
(2022) and which shares similar properties to those of IL in CFMs, PL is a predictable and unhedgeable

loss component which is key to measuring the profitability of liquidity provision in liquidity pooling pro-
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tocols with CL. Below, we study the properties of PL. when the marginal rate follows geometric Brownian

dynamics with drift.

PL and volatility. Assume that the rate process (Zt)te[o,T] follows the geometric Brownian dynamics
dZt = Mtht+JthWt,

where the volatility parameter o is a nonnegative constant, the trend parameter p is a constant, and (Wt)te[o,T]
is a standard Brownian motion.
For simplicity, consider that the risk-free rate r is zero so the opportunity cost component of PL is zero.

Thus, the dynamics of the value of the LP’s position is

o 2
o = ("2 dt + oy dt + o 8} th) ’ )
t
where PL in (24) is
2 t Lu
P =T [ % g5 <o. (26)
2 Jo s

Clearly, the magnitude of PL incurred by the LP’s position increases with the volatility of the rate Z.
Thus, one expects an optimal liquidity provision model to adjust the spread of the position as a function of
volatility. Moreover, the dynamics in (25) and (26) show how the LP can reduce PL by increasing the spread
of the position in the pool. The spread § = §* + §* is maximal (and equal to 4) when 6 = 2 and 6" = 2,
because it corresponds to the position (Z¢, Z*] = (0, oc] with the largest spread. If the spread § is maximal
and the risk-free rate is zero, then PL is minimal (but not zero) and we denote it by PL?““. Recall that PL is
given by PLI™ = o™ — aP, so when 6 = 6% = 2 and r = 0 we have that [f [PL?“} < E [PLP™], where

2 2

ao (exp (BT) = 1) <0, if =5 -

E [PLy"] = _gﬂ _

N =

#0,

and
E [PLP"] = —0® aoT/8, if 4 =0.

In contrast to the alternative portfolio o, the negative component in the trend of the LP’s holdings o/‘*
scales with the volatility o; see (25). When volatility becomes arbitrarily high, the LP expects to lose at

least her initial wealth because

lim E[PL| < Tim B [PLF"] = —a.

o—+00 o——+00
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PL, drift, and trading horizon. Next, we discuss further the PL incurred by the LP for various ranges of
the drift of the rate and for long trading horizons and with 6* = 6* = 2 and 7 = 0. When the trend in the
rate Z is ju > o / 2, the value of the holdings a** in the pool and the value of the alternative portfolio a”
increase because of the positive trend in their dynamics. However, the value of the alternative portfolio o/
increases faster than that of a“*, hence, as the LP’s trading horizon becomes arbitrarily large, we have that
lim B [PL7"| = —oc.
T—+o0
that is, the difference between the value of the alternative portfolio and that of the holdings in the pool is
infinite; see first panel in Figure 3.
On the other hand, if 1 < 02 / 2, we have that
2

li E[PL“} < lim E[pLmin] — 209
i B[] < 5 P

=— - <0.
T—+00 dpu—202

In particular, the expected minimum PL decreases when the trend is large and negative as both portfolios
of* and oP incur large losses; see second panel in Figure 3.

Finally, when p = 0, the expected minimum PL is

E [PL?”] = <exp <—i02 T> — 1) ,

in which case the LP expects to lose her initial wealth when volatility or the time horizon becomes arbitrarily
high.

p>o®/4 <0
200 - . =it = gnin PL
150 - _
100 - .
7 - ain = Fmin PL 1

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0

min —min

Figure 3: Simulated paths for the position value o™ and the alternative portfolio @;™. The position value o™ follows the
dynamics in (25) and @™ follows the dynamics in (23) when 8¢ = 6% = 2 and r = 0. Left panel: . = 0.02% and o = 2%. Right
panel: ; = —0.02% and o = 3%.
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4. Empirical analysis of PL in Uniswap v3

This section studies PL in the pool ETH/USDC 0.3% of the CPM Uniswap v3 which implements CL.
Uniswap v3 pools can be created with different values of the LT trading fee, e.g., 0.01%, 0.05%, 0.30%, or
1%, called fee tiers. Additionally, different pools with the same asset pair can coexist if they have different
fee tiers. Once a pool is created, its fee tier does not change. ETH represents Ether, the Ethereum blockchain
native currency, and USDC represents USD coin, a currency fully backed by U.S. Dollars (USD). The fee
paid by LTs in the pool we consider is 0.3% of the trade size; the fee is deducted from the quantity paid into
the pool by the LT and distributed among LPs; see equation (14). Table 1 provides descriptive statistics of

the transaction data (liquidity taking trades and liquidity provision operations) we use.

LT LP

Number of instructions 390,378 158,459
Total USD volume ~$67.18 x10° ~$ 142.62 x10°
Average trading frequency 136 seconds 337 seconds

Table 1: LT and liquidity provision activity in the ETH/USDC pool between 5 May 2021 and 10 January 2023: count of LT
transactions and LP operations in the pool, size of LT transactions and LP operations in the pool in USD, and average liquidity
taking and provision frequency.

To study the profitability of liquidity provision in the pool that we consider, we select operation pairs
that consist of first providing and then withdrawing the same depth of liquidity < by the same LP at two
different points in time.” The operations that we select represent approximately 66% of all LP operations.
Next, for every LP position in the set that we consider, we compute the expected PL as a percentage of the

LP’s initial wealth, i.e., we compute

E [PL?“] /ao - % <exp (“; T) _ 1) ,

where « is the LP’s initial wealth, 7" is her trading horizon, ¢ is the (fixed) spread, and o is the daily
standard deviation based on one month of returns prior to the start date of the LP’s position.'” Table 2
shows the average PL and the realised fee revenue of LPs, and Figure 4 shows the distribution of both
metrics. Clearly, the fee revenue in the pool that we consider does not cover PL.

In an efficient market, one would expect LPs to be driven out of the market unless, everything else being
equal, the fees paid by LTs increase (and gas fees decrease). With the current fee structure and fee levels,
LPs are overexposed to PL during periods of heightened volatility of the rate of the pool. Currently, the
fee structure in CFMs cannot lead to efficient and resilient markets because liquidity will be scarce during

times of high volatility and, in the long term, LPs will withdraw from the market.

%In blockchain data, every transaction is associated to a unique wallet address.
0We assume © = 01in (25).
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Average Standard deviation

Number of
transactions per LP 2.61 14.26
PL —0.70% 1.01%
Fee revenue 0.27% 0.38%
Hold time 9.70 days 16.71 days
Spread 38.21% 39.77%

Table 2: LP operations statistics in the ETH/USDC pool with transaction data of 5,156 different LPs between 5 May 2021 and 10
January 2023. Performance includes transaction fees and excludes gas fees. PL and fee revenue are normalised to denote daily
performance.

0 PL - 8000
B Fee revenue
- 6000
=
3
O F 4000
- 2000
-0

I 1
-2.0% -1.0% 0.0% 1.0% 2.0%
Spread

Figure 4: Distribution of PL and fee revenue for the historical LP transactions in the ETH/USDC pool.

A potential solution is one or a combination of the following two proposals. First, increase the level of
fixed fees paid by LTs in CFMs or implement a dynamic structure where fees are an increasing function
of the PL; the PL function depends on the volatility of the rate, convexity of the pool’s trading function,
and opportunity cost of the LP’s wealth.'! Second, propose efficient AMM designs beyond CFMs where
LPs express their views on the liquidity taking flow in the price of liquidity so the resulting trading function
accommodates both LPs and LTs; see Cartea et al. (2023b) for research in this direction. Clearly, a change
in fee level and fee structure will affect trading activity in CFMs. In particular, an increase in fees will
impact the demand for liquidity because it will be more expensive for LTs to trade, while, on the other hand,
it will incentivise liquidity provision because compensation will increase, on average — it is a challenging
problem to find a fee structure that provides an equilibrium where activity is not hindered, the market is

resilient, and the rates of the pool are efficient.

"In LOBSs, this dynamic adjustment of the fee is endogenous because liquidity providers increase the spread between the best
bid and best ask when volatility of the midprice increases.
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5. Conclusions

This paper discussed the microstructural properties for liquidity takers and providers in CFMs. We intro-
duced predictable loss (PL) as a new measure of loss in liquidity provision activity in CFMs and in CPMs
with CL. Our analysis of Uniswap v3 data showed that LPs trade at a loss in the pool we consider, and that

our strategy significantly improves performance.
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Appendix A. Impermanent loss with stochastic liquidity provision activity

Here, we generalise IL to the case when liquidity provision activity is stochastic. Consider an LP who
deposits quantities (zp, yp) in a CFM pool for the pair of assets X and Y. Similar to Section 2.3, the LP’s
position is self-financed, so she does not deposit or withdraw additional assets throughout a trading horizon
[0, T']. In contrast to Section 2.3, we model liquidity provision activity as the sum of two Poisson processes
be

that count liquidity provision and liquidity withdrawal operations in the CFM pool. Let (Ntd epom) o
telo,

a Poisson process that models the arrival of LP operations that deposit liquidity, and (Ntw ithd”“”) be a

t€[0,T)
Poisson process that models the arrival of LP operations that withdraw liquidity. Both processes have some
(possibly stochastic) intensity.

We assume that the liquidity provision operations are for a fixed liquidity depth £ > 0 and we assume

that (k)¢ (o 71 has the dynamics
drs = ngtdeposit _ ngtWithdraw 7

and write IL in (10) as

P
ILt = Q¢ — 0y

t .
= —/0 (8055—5 (ys,) — Prs—¢ (ys) — @;Sig(ys) (ysi —_ ys)) dN;Nlthdraw
t .
_ /0 (Sonﬁ{ (ys—) — Prs+E (ys) — go;SJré(yS) (ys— — ys)) dNSepOS“
t .
_ /0 (Sons (Ys—) — ©rs (ys) — 90:.;3 (ys) (ys— — ys)) (1— dN:VlthdraW)

— /0 (‘Pns (Ys—) — @, (Ys) — 90;3 (ys) (ys— — ys)) (1-— dN;ieposit) :

which is always non-positive because ¢, is convex for any value of the depth « .
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